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In this paper, we use the idea of the discrete Littlewood–Paley theory developed by Han
and Lu to carry out the three-parameter weighted Hardy spaces theory under a rather
weak condition on the product weight (w ∈ A∞) and obtain the boundedness of singular
integral operators on the weighted Hardy spaces.
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1. Introduction and statement of results
Multi-parameter theory has been studied extensively. R. Gundy and E.M. Stein [9] ﬁrst studied the product Hardy
spaces theory on the polydisc. Later, R. Fefferman and E.M. Stein [8] generalized the Calderón–Zygmund theory to the
two-parameter setting for functions on Lp(Rn × Rm), 1< p < ∞. And S.-Y.A. Chang and R. Fefferman established the multi-
parameter Hardy spaces Hp(Rn × Rm) theory and derived the duality of H1 in Rn+1+ × Rm+1+ [2,3]. Chang and Fefferman
further established the Calderón–Zygmund decompositions [3] on the pure product domains R2+ ×R2+ . The multi-parameter
theory has also been developed in the non-classical product setting. D. Müller, F. Ricci, and E.M. Stein [14] studied the Lp
theory (1 < p < ∞) in the multi-parameter structure on Heisenberg groups. Recently, Han and Lu [10] have developed the
multi-parameter ﬂag Hardy spaces theory. We refer the reader to the above cited papers and references therein.
In the one-parameter case, we can use the atomic decompositions of the Hardy spaces to get the boundedness of singular
integral operators on Hp(Rn) (0 < p  1). However, in the multi-parameter case there is a big obstacle that atoms are
supported in arbitrary open sets instead of rectangles. Applying Journé’s covering lemma and weighted version of Journé’s
covering lemma [11,12,15,13], R. Fefferman (e.g., [5–7]) discovered an ingenious criterion of the boundedness of an operator
from Hp(Rn×Rm) to Lp(Rn×Rm) by restricting its action on rectangle atoms. Recently, Han and Lu [10] have developed the
discrete Littlewood–Paley–Stein analysis and they have obtained the boundedness of ﬂag singular integral operators from
Hp(Rn × Rm) to Lp(Rn × Rm) for 0 < p  1 without application of the rather diﬃcult Journé’s covering lemma. Y. Ding,
Y. Han, G. Lu and X. Wu [4] derived further this boundedness of singular integrals on the two-parameter weighted Hardy
spaces.
In this paper, we will use the discrete multi-parameter Littlewood–Paley–Stein analysis developed by Han and Lu to
establish the theory of weighted Hardy spaces on Rn × Rm × Rd and the boundedness of singular integral operators on
Hpw(R
n × Rm × Rd) (0 < p < ∞) and from Hpw to Lpw (0 < p  1) under a rather weak condition on the product weight in
the three-parameter case, that is, w ∈ A∞(Rn × Rm × Rd). Surprisingly, this class of weights is rather general and extends
to a great extent the earlier results in the Lp boundedness (1 < p < ∞) for singular integrals where w ∈ Ap was required
(see, e.g., [7]). Moreover, our methods avoid the atomic decompositions, which till now is not available unless w ∈ A2 in the
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626 Z. Ruan / J. Math. Anal. Appl. 367 (2010) 625–639weighted product case. The spirit of the proof we give below is similar to that in [10] given by Y. Han and G. Lu. Relying
on the almost orthogonality estimates and the Max–Min type inequalities, we characterize the weighted Hardy spaces on
Rn × Rm × Rd by discrete Littlewood–Paley–Stein square functions. Applying the almost orthogonality estimates again, we
could get the boundedness of the singular integral operators on Hpw(R
n × Rm × Rd) (0 < p < ∞, w ∈ A∞(Rn × Rm × Rd))
due to the weighted version of the boundedness of the strong maximal operator Ms . We like to mention that for 0< p  1,
w ∈ A∞(Rn ×Rm ×Rd), whenever the operator T is bounded on L2(Rn+m+d)∩ Hpw(Rn ×Rm ×Rd), then T can be extended
to be bounded from Hpw(R
n × Rm × Rd) to Lpw(Rn+m+d).
First we recall the deﬁnitions of product weights in the three-parameter setting. For 1 < p < ∞, a nonnegative locally














for any dyadic cuboid R = I × J × K , where I , J , K are cubes in Rn , Rm and Rd respectively. We say w ∈ A1(Rn ×Rm ×Rd)
if there exists a constant C > 0 such that
Msw(x) Cw(x)
for almost every x ∈ Rn × Rm × Rd , where Ms is the strong maximal operator deﬁned by







where the supreme is taken over all dyadic cuboid R = I × J × K on Rn × Rm × Rd . We deﬁne w ∈ A∞(Rn × Rm × Rd) by
A∞
(




Rn × Rm × Rd).
Notice that if w ∈ A∞ , then w ∈ Aqw , where qw = inf{q: w ∈ Aq}.
We will use appropriate Littlewood–Paley square functions to characterize the weighted Hardy spaces Hpw(R
n×Rm×Rd),
w ∈ A∞(Rn ×Rm ×Rd). To approach this, we ﬁrst introduce a test function space SM(Rn ×Rm ×Rd), where M is a positive
integer.
Deﬁnition 1.1. We call f deﬁned on Rn × Rm × Rd is a test function of order M if
(i) for |α|, |β|, |γ | M − 1,∣∣Dαx Dβy Dγz f (x, y, z)∣∣ C 1(1+ |x|)n+M+|α| 1(1+ |y|)m+M+|β| 1(1+ |z|)d+M+|γ | ,
(ii) for |x− x′| 12 (1+ |x|) and |α| = M , |β|, |γ | M − 1,∣∣Dαx Dβy Dγz f (x, y, z) − Dαx Dβy Dγz f (x′, y, z)∣∣ C |x− x′|(1+ |x|)n+2M 1(1+ |y|)m+M+|β| 1(1+ |z|)d+M+|γ | ,
(iii) for |y − y′| 12 (1+ |y|) and |β| = M , |α|, |γ | M − 1,∣∣Dαx Dβy Dγz f (x, y, z) − Dαx Dβy Dγz f (x, y′, z)∣∣ C |y − y′|(1+ |y|)m+2M 1(1+ |x|)n+M+|α| 1(1+ |z|)d+M+|γ | ,






(v) for |x− x′| 12 (1+ |x|), |y − y′| 12 (1+ |y|) and |α| = |β| = M , |γ | M − 1,∣∣Dαx Dβy Dγz f (x, y, z) − Dαx Dβy Dγz f (x′, y, z)− Dαx Dβy Dγz f (x, y′, z)+ Dαx Dβy Dγz f (x′, y′, z)∣∣






(1+ |z|)d+M+|γ | ,
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(vii) for |y − y′| 12 (1+ |y|), |z − z′| 12 (1+ |z|) and |β| = |γ | = M , |α| M − 1,∣∣Dαx Dβy Dγz f (x, y, z) − Dαx Dβy Dγz f (x, y′, z)− Dαx Dβy Dγz f (x, y, z′)+ Dαx Dβy Dγz f (x, y′, z′)∣∣







(viii) for |x− x′| 12 (1+ |x|), |y − y′| 12 (1+ |y|), |z − z′| 12 (1+ |z|) and |ν| = M ,∣∣[Dνx DνyDνz f (x, y, z) − Dνx DνyDνz f (x′, y, z)− Dνx DνyDνz f (x, y′, z)+ Dνx DνyDνz f (x′, y′, z)]
− [Dνx DνyDνz f (x, y, z′)− Dνx DνyDνz f (x′, y, z′)− Dνx DνyDνz f (x, y′, z′)+ Dνx DνyDνz f (x′, y′, z′)]∣∣







(ix) for |α|, |β|, |γ | M − 1,∫
Rn
f (x, y, z)xα dx =
∫
Rm
f (x, y, z)yβ dy =
∫
Rd
f (x, y, z)zγ dz = 0.
If f is a test function of order M on Rn × Rm × Rd , we denote f ∈ SM(Rn × Rm × Rd) and the norm of f is deﬁned by
‖ f ‖SM (Rn×Rm×Rd) = inf
{
C : (i)–(ix) hold
}
.
The dual space of SM(Rn × Rm × Rd) is denoted by (SM)′(Rn × Rm × Rd). Note that a Schwarz function with condition (ix)
belongs to SM .
Let ψ(1) ∈ S(Rn),ψ(2) ∈ S(Rm),ψ(3) ∈ S(Rd) and satisfy∑
j∈Z
∣∣ψ̂(1)(2− jξ1)∣∣2 = 1 for all ξ1 ∈ Rn/{0},
∑
k∈Z
∣∣ψ̂(2)(2−kξ2)∣∣2 = 1 for all ξ2 ∈ Rm/{0},
∑
∈Z
∣∣ψ̂(3)(2−ξ3)∣∣2 = 1 for all ξ3 ∈ Rd/{0},








ψ(3)(z)zγ dz = 0
for all multi-indices α, β and γ . Denote





















For f ∈ (SM)′(Rn × Rm × Rd), we deﬁne the Littlewood–Paley square function on Rn × Rm × Rd by
G( f )(x, y, z) =
( ∑
j,k,∈Z
∣∣ψ j,k, ∗ f (x, y, z)∣∣2)1/2, (1.2)
where ψ j,k, satisﬁes the same conditions as in (1.1).
In the following, we apply Littlewood–Paley square functions deﬁned in (1.2) to characterize the weighted Hardy spaces
on Rn × Rm × Rd .
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Lpw(R
n × Rm × Rd)} with the norm
‖ f ‖Hpw (Rn×Rm×Rd) =
∥∥G( f )∥∥Lpw (Rn+m+d). (1.3)
By the Fourier transform, we can get the continuous version of the Calderón identity on L2(Rn+m+d), that is, for any
f ∈ L2(Rn+m+d),
f (x, y, z) =
∑
j,k,∈Z
ψ j,k, ∗ ψ j,k, ∗ f (x, y, z). (1.4)
When 1 < p < ∞, by the iteration argument, vector-valued Littlewood–Paley–Stein estimates and the duality argument,
we can get
‖ f ‖Lp(Rn+m+d) ≈
∥∥G( f )∥∥Lp(Rn+m+d). (1.5)
Obviously, Deﬁnition 1.2 may not be independent of the choice of functions ψ j,k, , thus we need a discrete Calderón
identity (Theorem 1.3) as a main tool to prove an appropriate Max–Min type inequality (Theorem 1.4) and thus ensure that
weighted Hardy space on Rn × Rm × Rd (Deﬁnition 1.5) is well deﬁned.
Theorem 1.3. Let ψ j,k, be the same as in (1.1). Then





|I|| J ||K |ψ˜ j,k,(x, y, z, xI , y J , zK )ψ j,k, ∗ f (xI , y J , zK ) (1.6)
where ψ˜ j,k, ∈ SM(Rn × Rm × Rd), I ⊂ Rn, J ⊂ Rm and K ⊂ Rd are dyadic cubes with (I) = 2− j−N , ( J ) = 2−k−N and (K ) =
2−−N for a ﬁxed large integer N, xI , y J , zK are any ﬁxed points in I , J , K respectively, and the series in (1.6) converges in the norm of
SM(Rn × Rm × Rd) and in the dual space (SM)′(Rn × Rm × Rd).
Because of the discrete Calderón identity in (1.6), we have the following Max–Min type inequality.
Theorem 1.4. Let ψ(1), φ(1) ∈ S(Rn), ψ(2), φ(2) ∈ S(Rm) and ψ(3), φ(3) ∈ S(Rd). Suppose ψ j,k, and φ j,k, satisfy the same condi-













u∈I, v∈ J ,w∈K
















u∈I, v∈ J ,w∈K
∣∣φ j,k, ∗ f (u, v,w)∣∣2χI (x)χ J (y)χK (z)} 12 ∥∥∥∥
Lpw
(1.7)
where I ⊂ Rn, J ⊂ Rm and K ⊂ Rd are dyadic cubes with side-length (I) = 2− j−N , ( J ) = 2−k−N and (K ) = 2−−N for a ﬁxed
large integer N and χI , χ J and χK are characteristic functions of I , J and K respectively.
The Max–Min type inequality in (1.7) implies that the discrete Littlewood–Paley–Stein square functions





∣∣ψ j,k, ∗ f (xI , y J , zK )∣∣2χI (x)χ J (y)χK (z)} 12 (1.8)
can characterize the weighted Hardy spaces below.
Deﬁnition 1.5. For 0< p < ∞ and w ∈ A∞(Rn×Rm×Rd), we deﬁne Hpw(Rn×Rm×Rd) = { f ∈ (SM)′: Gd( f ) ∈ Lpw(Rn+m+d)}
with the norm deﬁned by ‖ f ‖Hpw = ‖Gd( f )‖Lpw .
For w ∈ A∞(Rn × Rm × Rd), using the discrete Calderón identity in (1.6) and the Max–Min type inequality in (1.7), we
can derive the boundedness of the singular integral operator T from Hpw(R
n × Rm × Rd) (0 < p < ∞) to itself and from
Lpw(R
n × Rm × Rd) to Hpw(Rn × Rm × Rd), 0 < p  1. The convolution kernel K of the operator T is a distribution on
Rn × Rm × Rd which coincides with a C∞ function away from the coordinate subspace x = 0, y = 0 and z = 0 and satisﬁes
Z. Ruan / J. Math. Anal. Appl. 367 (2010) 625–639 629(i) (differential inequalities) for each multi-index α = (α1, . . . ,αn), β = (β1, . . . , βm), γ = (γ1, . . . , γd), there exists a con-
stant Cα,β,γ > 0 such that∣∣∂αx ∂βy ∂δz K(x, y, z)∣∣ Cα,β,γ |x|−n−|α||y|−m−|β||z|−d−|γ |,
(ii) (cancellation conditions) for every normalized bump function ϕ1 on Rn , ϕ2 on Rm and ϕ3 on Rd and for any
R1, R2, R3 > 0,∣∣∣∣ ∫
Rm×Rd










∂αz K(x, y, z)ϕ1(R1x)ϕ2(R2 y)dxdy
∣∣∣∣ C |z|−d−|γ |,
∣∣∣∣ ∫
Rn×Rm×Rd
K(x, y, z)ϕ1(R1x)ϕ2(R2 y)ϕ3(R3z)dxdy dz
∣∣∣∣ C .
Theorem 1.6. Let w ∈ A∞(Rn × Rm × Rd). If T is a singular integral with the convolution kernel K deﬁned above, then there exists a
constant C > 0 such that∥∥T ( f )∥∥Hpw  C‖ f ‖Hpw , 0< p < ∞, (1.9)
and ∥∥T ( f )∥∥Lpw  C‖ f ‖Hpw , 0< p  1. (1.10)
We end this introduction by remarking that our results proved in this paper can be easily extended to weighted Hardy
spaces with arbitrary number of parameters more than three parameters with minimal modiﬁcations.
2. Proofs of Theorems 1.3 and 1.4
In this section, we ﬁrst obtain the almost orthogonality estimates on SM and the continuous Calderón identity both
on SM and (SM)′ , and then derive the discrete Calderón identities both on SM and (SM)′ and Max–Min type inequalities
on SM .
Lemma 2.1. Given positive integers M1 , M2 , M3 , N1 , N2 and N3 , there exists a constant C = C(M1,M2,M3,N1,N2,N3) such that


















)M3 (t ∨ t′)N1
(t ∨ t′ + |x|)n+N1
(s ∨ s′)N2
(s ∨ s′ + |y|)m+N2
(r ∨ r′)N3
(s ∨ s′ + |z|)d+N3 , (2.1)
where ψt,s,r and φt′,s′,r are the same as in (1.1) and t ∨ s = max{t, s}, t ∧ s = min{t, s}.
Proof. Without loss of generality, we may assume that t  t′ , s  s′ and r  r′ . We ﬁrst consider the case of N1 = N2 =
N3 = M1 = M2 = M3 = 1. Write















r (z − w)φ(3)r′ (w)dw.





















:= I + II.
2 2













(t + |x|)n+1 ,
























(t + |x|)n+1 .
















(r + |z|)d+1 .
Therefore we get the desired estimate for the case N1 = N2 = N3 = M1 = M2 = M3 = 1. When max{N1,N2,N3,M1,
M2,M3} > 1, we only need the Taylor expansion of ψt,s,r at x and the size condition of φt′,s′,r′ . We omit the details here. 
We now use the almost orthogonality estimate on SM(Rn × Rm × Rd) to deduce the continuous version of the Calderón
identities both on SM(Rn × Rm × Rd) and (SM)′(Rn × Rm × Rd).
Lemma 2.2. Assume that ψ j,k, is the same as in (1.1). Then







ψ j,k, ∗ ψ j,k, ∗ f (x, y, z), (2.2)
where the series converges in the sense of the space SM(Rn × Rm × Rd) and its dual space (SM)′(Rn × Rm × Rd).
Proof. We could apply the almost orthogonality estimate in (2.1) by choosing t = 2− j , s = 2−k , r = 2− , t′ = s′ = r′ = 1 to









































ψ j,k, ∗ ψ j,k, ∗ f
tends to zero in SM(Rn × Rm × Rd) as N1, N2 and N3 go to inﬁnity. Then from the continuous Calderón reproducing
formula (1.4) on L2(Rn+m+d), we could derive the series in (2.2) on the space SM(Rn × Rm × Rd). Finally, by the duality
argument, we could also conclude that the series in (2.2) converges in (SM)′(Rn × Rm × Rd). We omit details here. 
By Lemma 2.2, we can develop the discrete Calderón identity on SM(Rn × Rm × Rd) and (SM)′(Rn × Rm × Rd).
Proof of Theorem 1.3. For f ∈ SM(Rn × Rm × Rd), the continuous Calderón identity in (2.2) implies that we can decom-
pose f into























ψ j,k,(x− u, y − v, z − w)du dv dw
]
(ψ j,k, ∗ f )(xI , y J , zK ) + R( f )(x, y, z),
where I , J and K are dyadic cubes in Rn , Rm and Rd with side-length 2− j−N , 2−k−N and 2−−N respectively and N is large
enough.












(ψ j,k, ∗ f )(u, v,w) − (ψ j,k, ∗ f )(xI , y J , zK )
]






R(x, y, z,u, v,w,u′, v ′,w ′) f (u′, v ′,w ′)du′ dv ′ du′, (2.3)
where R(x, y, z,u, v,w,u′, v ′,w ′) is the kernel of R and











u − u′, v − v ′,w − w ′)− ψ j,k,(xI − u′, y J − v ′, zK − w ′)]














































w − w ′)− ψ(3) (zK − w ′)]dw. (2.4)






































w − w ′)− ψ(3) (zK − w ′)]dw
satisfy all conditions of ψ(1)j (x− xI ), ψ(2)k (y − y J ), ψ(3) (z − zK ) but with the constants of SM(Rn), SM(Rm), SM(Rd) norm




 and the facts that
u, xI ∈ I , (I) = 2− j−N , v, yI ∈ J , ( J ) = 2−k−N , and w, zK ∈ K , (K ) = 2−−N . Then R( f )(x, y, z) ∈ SM(Rn × Rm × Rd) and∥∥R( f )∥∥SM (Rn×Rm×Rd)  C2−3N‖ f ‖SM (Rn×Rm×Rd). (2.5)
Thus T−1 = (I − R)−1 exists and
f (x, y, z) = T−1T ( f )(x, y, z) =
∞∑
i=0










ψ j,k,(· − u, · − v, · − w)du dv dw
]
(x, y, z)(ψ j,k, ∗ f )(xI , y J , zK ).K J I









ψ j,k,(· − u, · − v, · − w)du dv dw
]
(x, y, z) = |I|| J ||K |ψ˜ j,k,(x, y, z, xI , y J , zK ).
Then from (2.5), it is easy to show that ψ˜ j,k,(x, y, z, xI , y J , zK ) ∈ SM(Rn × Rm × Rd). Thus, the discrete Calderón identity
on SM(Rn × Rm × Rd) is obtained. The proof of Theorem 1.3 is completed from the duality argument. 
Before the proof of the Max–Min type inequality in Theorem 1.4, we ﬁrst show the following estimate.
Lemma 2.3. Given any positive integers M1 , M2 , M3 , N1 , N2 , N3 , let I , I ′ , J , J ′ and K , K ′ be dyadic cubes in Rn, Rm and Rd
respectively such that (I) = 2− j−N , ( J ) = 2−k−N , (K ) = 2−−N and (I ′) = 2− j′−N , ( J ′) = 2−k′−N , (K ′) = 2−′−N . Then for
any u,u∗ ∈ I , v, v∗ ∈ J and w,w∗ ∈ K we have∑
I ′, J ′,K ′
{
2−| j− j′|M12−|k−k′|M22−|−′|M32−( j∧ j′)N12−(k∧k′)N22−(∧′)N3 |I ′|| J ′||K ′|
(2− j∧ j′ + |u − xI ′ |)n+N1(2−k∧k′ + |v − y J ′ |)m+N2(2−∧′ + |w − zK ′ |)d+N3
∣∣φ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)∣∣}









∣∣φ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)∣∣χI ′χ J ′χ J ′)δ(u∗, v∗,w∗)} 1δ ,
where Ms is the strong maximal function on Rn × Rm × Rd, 0< δ min{1, pqw } and
































































I ′, J ′,K ′
2−( j∧ j′)N12−(k∧k′)N22−(∧′)N3 |I ′|| J ′||K ′|φ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)





2−(n+N1)(r−( j∧ j′))2−(m+N2)(s−(k∧k′))2−(d+N3)(t−(∧′))2(− j′−N)n2(−k′−N)m2(−′−N)d
× 2−( j∧ j′)N12−(k∧k′)N22−(∧′)N3
∑
I ′∈Ar , J ′∈Bs, K ′∈Dt








∣∣φ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)∣∣δ)1/δ
I , J ,K







I ′, J ′,K ′





I ′, J ′,K ′
∣∣φ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)∣∣χI ′χ J ′χK ′)δ(u∗, v∗,w∗)}1/δ,
where in the last inequality for 0< δ  1 we use the Hölder’s inequality. 
Proof of Theorem 1.4. The discrete Calderón identity in (1.6) on SM(Rn × Rm × Rd) implies that





∣∣I ′∣∣∣∣ J ′∣∣∣∣K ′∣∣(ψ j,k, ∗ φ˜ j′,k′,′)(u, v,w, xI′, y J ′, zK ′)(φ j′,k′,′ ∗ f )(xI ′ , y J ′ , zK ′).
From the almost orthogonality estimates in Lemma 2.1 by choosing t = 2− j , s = 2−k , r = 2− , t′ = 2− j′ , s′ = 2−k′ , r′ = 2−′ ,
we have from Lemma 2.3 that for any given positive integers M1, M2, M3, N1, N2 and N3 and for any u,u′ ∈ I , v, v ′ ∈ J
and w,w ′ ∈ K ,∣∣ψ j,k, ∗ f (u, v,w)∣∣ C ∑
I ′, J ′,K ′
{
2−| j− j′|M12−|k−k′|M22−|−′|M32−( j∧ j′)N12−(k∧k′)N22−(∧′)N3 |I ′|| J ′||K ′|
(2− j∧ j′ + |u − xI ′ |)n+N1(2−k∧k′ + |v − y J ′ |)m+N2(2−∧′ + |w − zK ′ |)d+N3














∣∣φ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)∣∣χI ′χ J ′χ J ′)δ]} 1δ (u∗, v∗,w∗),









u∈I, v∈ J ,w∈K







I ′, J ′,K ′
∣∣φ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)∣∣χI ′χ J ′χK ′]δ} 2δ } 12 .





u∈I, v∈ J ,w∈K








I ′, J ′,K ′
inf
u∈I ′, v∈ J ′,w∈K ′






I ′, J ′,K ′
inf
u∈I ′, v∈ J ′,w∈K ′
∣∣φ j′,k′,′ ∗ f (u, v,w)∣∣2χI ′χ J ′χK ′} 12 ∥∥∥∥
Lpw
.
Since qw < p/δ, we have w ∈ Aqw ⊆ Ap/δ , thus by the Lp/δw (2/δ) boundedness of Ms (a weighted version of strong maximal
function, see, e.g., an extension of [1] to the three-parameter case), we can obtain the last inequality above. 
3. Proof of Theorem 1.6
In this section, we use the discrete Littlewood–Paley–Stein analysis developed by Han and Lu to get the boundedness
of the singular integral operators T in Hpw (0 < p < ∞) and from Hpw to Lpw (0 < p  1). Since L2 ∩ Hpw is dense in Hpw ,
we have from Theorem 3.2 that for 0 < p  1,w ∈ A∞ , the singular integral operator T can be extended to be a bounded
operator from Hpw to L
p
w whenever T is bounded on L
2 ∩ Hpw .
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spaces Hpw(R
n × Rm × Rd).
Lemma 3.1. Let w ∈ A∞(Rn × Rm × Rd). Then SM(Rn × Rm × Rd) is dense in Hpw(Rn × Rm × Rd) for 0< p < ∞.
Proof. The proof is similar to that in [10]. For the sake of completeness, we give the details here. Suppose f ∈ Hp(Rn ×
Rm × Rd) and set
W = {( j,k, , I, J , K ): | j| L1, |k| L2, || L3, I × J × K ⊆ B(0, r)},
where I , J and K are dyadic cubes in Rm , Rn and Rd respectively, and B(0, r) are balls in Rn+m+d centered at the origin
with radius r. Obviously,∑
( j,k,,I, J ,K )∈W
|I|| J ||K |ψ˜ j,k,(x, y, z, xI , y J , zK )ψ j,k, ∗ f (xI , y J , zK )
is a test function in SM(Rn × Rm × Rd) for any ﬁxed L1, L2, L3 and r, where ψ˜ j,k,(x, y, z, xI , y J , zK ) is the same as in
Theorem 1.3. Since ψ˜ j,k, ∈ SM(Rn × Rm × Rd), we have from Theorem 1.3∥∥∥∥ ∑
( j,k,,I, J ,K )∈Wc





( j,k,,I, J ,K )∈Wc
{
|I|| J ||K |
∑
j′,k′,′
∣∣I ′∣∣∣∣ J ′∣∣∣∣K ′∣∣φ˜ j′,k′,′(x, y, z, xI , y J , zK , xI ′ , y J ′ , zK ′ , )





( j,k,,I, J ,K )∈Wc
∣∣ψ j,k, ∗ f (xI , y J , zK )∣∣2χI (x)χ J (y)χK (z)} 12 ∥∥∥∥
Lpw
.
Following the same argument as in Theorem 1.3, we get the last inequality. Note that whenever f ∈ Hp ⊆ (SM)′ , the last
term tends to zero as L1, L2, L3 and r tend to inﬁnity. The proof of Lemma 3.1 is completed. 
Lemma 3.1 implies that L2(Rn+m+d) is dense in Hpw(Rn × Rm × Rd). Furthermore, we could derive the following key
results.
Theorem 3.2. If f ∈ L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd),0< p  1, then f ∈ Lpw(Rn+m+d) and there exists a constant Cp > 0 such
that
‖ f ‖Lpw (Rn+m+d)  Cp‖ f ‖Hpw (Rn×Rm×Rd).
To show this theorem, we need a discrete Calderón identity on L2(Rn+m+d). To be more precise, we deﬁne φ(1) , φ(2)
and φ(3) to be the same as in Deﬁnition 1.1 except that φ(1) ∈ C∞0 (Rn), φ(2) ∈ C∞0 (Rm) and φ(3) ∈ C∞0 (Rd) with the cancel-
lation conditions of ﬁnite order∫
Rn
φ(1)(x)xα dx = 0, for all 0 |α| M0,
∫
Rm
φ(2)(y)yβ dy = 0, for all 0 |β| M0,
∫
Rd
φ(3)(z)zγ dz = 0, for all 0 |γ | M0.
Moreover, we may assume that φ(1) , φ(2) and φ(3) are radial functions supported in the unit balls on Rn , Rm and Rd
respectively.
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|I|| J ||K |φ˜ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)
(xI , y J , zK ),
where φ˜ j,k, ∈ SM(Rn × Rm × Rd), T−1N is bounded on L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd), 0 < p < ∞ and the series converges in
L2(Rn+m+d).
Proof. For f ∈ L2(Rn+m+d), from the continuous Calderón identity,























φ j,k,(x− u, y − v, z − w)du dv dw
]
(φ j,k, ∗ f )(xI , y J , zK )
+ R( f )(x, y, z). (3.1)
We claim that for 0< p < ∞, there is a constant C > 0 such that∥∥R( f )∥∥L2(Rn+m+d)  C2−N‖ f ‖L2(Rn+m+d),
and ∥∥R( f )∥∥Hpw (Rn×Rm×Rd)  C2−N‖ f ‖Hpw (Rn×Rm×Rd).
Assume the claim for the moment. Set that











φ j,k,(x− u, y − v, z − w)du dv dw
]
(φ j,k, ∗ f )(xI , y J , zK ).
Then both TN and (TN )−1 =∑∞i=1 Ri are bounded on L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd), thus,











φ j,k,(x− u, y − v, z − w)du dv dw
](
φ j,k, ∗ T−1N ( f )
)






|I|| J ||K |φ˜ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)
(xI , y J , zK ),
where φ˜ j,k, ∈ SM(Rn × Rm × Rd) and the series converges in L2(Rn+m+d).
















I ′, J ′,K ′





Since the almost orthogonality estimate in (2.1) still holds here, we have from (2.3) and (2.4)∣∣(ψ j,k, ∗ R(ψ˜ j′,k′,′(·, ·, xI ′, J ′,K ′)))(x, y, z)∣∣
 C2−3N2−| j− j′|M2−|k−k′|M2−|−′|M 2
−( j∧ j′)M
(2−( j∧ j′) + |x− xI ′ |)n+M
2−(k∧k′)M
(2−(k∧k′) + |y − y J ′ |)m+M
× 2
−(∧′)M
−(∧′) d+M .(2 + |z − zK ′ |)
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2/r) boundedness of the strong maximal operator Ms (as w ∈ Ap/r ),
we have






I ′, J ′,K ′






I ′, J ′,K ′
∣∣ψ j′,k′,′ ∗ f (xI ′ , y J ′ , zK ′)∣∣2χI ′χ J ′χK ′} 12 ∥∥∥∥
Lpw
 C2−N‖ f ‖Hpw . (3.2)
Thus from (1.5) and (3.2)∥∥R( f )∥∥L2 ≈ ∥∥G(R( f ))∥∥L2  C2−N‖ f ‖H2 ≈ 2−N‖ f ‖L2 .
We complete the proof of Lemma 3.3 here. 
Lemma 3.4. Let w ∈ A∞(Rn × Rm × Rd). If f ∈ L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd), 0< p < ∞, then,











where the constant C is independent of the L2 norm of f .
Proof. For f ∈ L2(Rn+m+d), since T−1N ( f ) in Lemma 3.1 is bounded on L2(Rn+m+d) ⊂ (SM)′(Rn × Rm × Rd), we have from
Theorem 1.3 that(







I ′, J ′,K ′
∣∣I ′∣∣∣∣ J ′∣∣∣∣K ′∣∣φ j,k, ∗ φ˜ j′,k′,′(·, ·, ·, xI ′ , y J ′ , zI ′)(u, v,w)(φ j′,k′,′ ∗ T−1N ( f ))(u, v,w).
Then from the almost orthogonality estimate, Lemma 2.3 and the weighted-version boundedness of the strong maximal





u∈I, v∈ J ,w∈K








u∈I, v∈ J ,w∈K
∣∣φ j,k, ∗ f (u, v,w)∣∣2χIχ JχK} 12 ∥∥∥∥
Lpw
, (3.3)
which implies that the square function





∣∣(φ j,k, ∗ T−1N ( f ))(xI , y J , zK )∣∣2χI (x)χ J (y)χK (z)} 12 (3.4)
is independent of the choice of φ j,k, . Hence, we get Lemma 3.4. 
Proof of Theorem 3.2. Let w ∈ A∞(Rn ×Rm ×Rd). Suppose f ∈ L2(Rn+m+d)∩ Hpw(Rn ×Rm ×Rd), 0< p  1. We have from
Lemma 3.4 that∥∥S( f )∥∥Lpw (Rn+m+d)  C‖ f ‖Hpw (Rn×Rm×Rd),








( j,k, , I, J , K ): w
(




w(I × J × K ), w((I × J × K ) ∩ Ωi+1) 1w(I × J × K )},2 2
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to point out that each ( j,k, , I, J , K ) belongs to precisely one Bi . For f ∈ L2(Rn+m+d), by the discrete Calderón identity in
Lemma 3.3,





φ j,k,(x− xI , y − y J , zK )|I|| J ||K |
(
φ j,k, ∗ T−1N ( f )
)





( j,k,,I, J ,K )∈Bi
|I|| J ||K |φ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)
(xI , y J , zK ),
where the series converges in the L2(Rn+m+d) norm, and thus it also converges almost everywhere.
We claim∥∥∥∥ ∑
( j,k,,I, J ,K )∈Bi
|I|| J ||K |φ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)











( j,k,,I, J ,K )∈Bi
|I|| J ||K |φ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)












(x, y, z) ∈ Rn × Rm × Rd: S( f )(x, y) > λ})dλ
= C∥∥S( f )∥∥p
Lpw
 C‖ f ‖p
Hpw
.
Now we prove the claim. For ( j,k, , I, J , K ) ∈ Bi , if (x, y, z) ∈ I × J × K , then




Notice that φ(1) , φ(2) and φ(3) are radial functions supported in the unit balls, thus if ( j,k, , I, J , K ) ∈ Bi , then φ j,k,(x− xI ,
y − y J , z − zK ) are supported in
Ω˜i =
{





Note that w(Ω˜i) Cw(Ωi), thus by Hölder’s inequality,∥∥∥∥ ∑
( j,k,,I, J ,K )∈Bi
|I|| J ||K |φ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)







( j,k,,I, J ,K )∈Bi
|I|| J ||K |φ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)




where q := qw . By the duality argument, for all g ∈ Lq′ (w1−q′ ) with ‖g‖Lq′ (w1−q′ )  1,∣∣∣∣〈 ∑
( j,k,,I, J ,K )∈Bi
|I|| J ||K |φ j,k,(x− xI , y − y J , z − zK )
(
φ j,k, ∗ T−1N ( f )
)




( j,k,,I, J ,K )∈Bi
|I|| J ||K |φ j,k, ∗ g(xI , y J , zK )
(
φ j,k, ∗ T−1N ( f )
)
(xI , y J , zK )
∣∣∣∣
 C
(∫ ∫ ∫ ( ∑
( j,k,,I, J ,K )∈Bi
∣∣(φ j,k, ∗ T−1N ( f ))(xI , y J , zK )∣∣2χI (x)χ J (y)χK (z))
q
2










.( j,k,,I, J ,K )∈Bi
638 Z. Ruan / J. Math. Anal. Appl. 367 (2010) 625–639Since w ∈ Aq , we have w1−q′ ∈ Aq′ , thus by the Lq
′
w1−q′ (
2) boundedness of Ms ,
(∫ ∫ ∫ ( ∑
( j,k,,I, J ,K )∈Bi








( j,k,,I, J ,K )∈Bi
[





( j,k,,I, J ,K )∈Bi





 C‖g‖Lq′ (w1−q′ ).
In addition, since w(Ω˜i) Cw(Ωi), we have∥∥∥∥{ ∑
( j,k,,I, J ,K )∈Bi






( j,k,,I, J ,K )∈Bi
(
Ms








( j,k,,I, J ,K )∈Bi
∣∣(φ j,k, ∗ T−1N ( f ))(xI , y J , zK )∣∣2χI (x)χ J (y)χK (z)}
q
2
w(x, y, z)dxdy dz
 C2iqw(Ω˜i) C2iqw(Ωi),
where in the ﬁrst inequality, we use the fact that when ( j,k, , I, J , K ) ∈ Bi ,
Ms(χR∩(Ω˜i/Ωi+1)) > α, for some 0<α < 1,
and in the second inequality, we apply the Lqw(
2) boundedness of Ms since w ∈ Aq . The claim is thus proved and so does
Theorem 3.2. 
Proof of Theorem 1.6. Suppose K is the convolution kernel of the operator T . The discrete Calderón identity on (SM)′ in
Lemma 3.3 implies that for f ∈ Hpw ⊆ (SM)′ , 0< p < ∞,















I ′, J ′,K ′
∣∣I ′∣∣∣∣ J ′∣∣∣∣K ′∣∣φ j,k, ∗ K ∗ φ˜ j′,k′,′(· − xI ′ , · − y J ′ , · − zK ′)(x, y, z)
× (φ j′,k′,′ ∗ T−1N ( f ))(xI ′ , y J ′ , zK ′)]2χI (x)χ J (y)χK (z)} 12 ∥∥∥∥
Lpw
.
Note that φ j,k, are dilations of bump functions, we have from the almost orthogonality estimate in (2.1) by choosing
t = 2− j , s = 2−k , r = 2− , t′ = 2− j′ , s′ = 2−k′ , r′ = 2−′ that∣∣φ j,k, ∗ K ∗ φ˜ j′,k′,′(· − xI ′ , · − y J ′ , · − zK ′)(x, y, z)∣∣
 C2−| j− j′|L2−|k−k′|L2−|−′|L 2
−( j∧ j′)L
(2−( j∧ j′) + |x− xI ′ |)n+L ·
2−(k∧k′)L
(2−(k∧k′) + |y − y J |)m+L
2−(∧′)
(2−(∧′)L + |z − zK |)d+L ,
where L only depends on M0 and M0 is chosen to be large enough. Then following a similar proof in Theorem 1.4 we have







∣∣(φ j′,k′,′ ∗ T−1N ( f ))(xI ′ , y J ′ , zK ′)∣∣χI ′χ J ′χK ′)r} 2r (x, y, z)} 12 ∥∥∥∥
Lpwj ,k , I , J ,K




I ′, J ′,K ′
∣∣(φ j′,k′,′ ∗ T−1N ( f ))(xI ′ , y J ′ , zK ′)∣∣2χI ′(x)χ J ′(y)χK ′(z)} 12 ∥∥∥∥
Lpw
 C‖ f ‖Hpw .
Since L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd) is dense in Hpw(Rn × Rm × Rd), we could yield (1.9) in Theorem 1.6 by a
limiting argument. Now we suppose 0 < p  1. Since T is bounded on L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd), we have
T ( f ) ∈ L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd) whenever f ∈ L2(Rn+m+d) ∩ Hpw(Rn × Rm × Rd), thus we have from Theorem 3.2
and (1.9) that∥∥T ( f )∥∥Lpw (Rn+m+d)  C∥∥T ( f )∥∥Hpw (Rn×Rm×Rd)  C‖ f ‖Hpw (Rn×Rm×Rd).
By limiting argument again, we could obtain (1.10). 
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